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Abstract

The problem of the aggregation of inputs coming from different
sources arises in several contexts. Examples are the combination of
individual preferences (studied in social choice theory), opinions (judg-
ment aggregation), and data (artificial intelligence). While a number
of results are available in each of these disciplines, a question that has
been addressed only recently is how similar these aggregation prob-
lems are, despite the different types of inputs they try to combine.

In this paper we consider aggregation problems that can be ex-
pressed in a Boolean-logic framework. The approaches developed so
far are bounded to the combination of the individuals’ explicitly stated
propositions into a collective one. We argue instead that the com-
bination of information needs to be extended to the set of entailed
sentences. We therefore introduce a new condition (called unanim-
ity consistency condition), stating that all the unanimously entailed
sentences at the individual level should be preserved at the collective
level. Finally, it is shown that recent findings in judgment aggrega-
tion imply an impossibility result for an aggregation procedure that
satisfies our unanimity consistency condition.

∗A preliminary version of this paper as “Pareto consistency in a model-based perspec-
tive on judgment aggregation” appeared in G. Bonanno, W. van der Hoek, M. Wooldridge
(eds.), Proceedings of LOFT 06, University of Liverpool, UK, 169–176, 2006.
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1 Introduction

Social choice theory [Arrow, 1963; Arrow et al., 2002; Sen, 1970] studies the
aggregation of individual preferences in order to select a collectively preferred
alternative. Way back in 1770, the Marquis de Condorcet discussed a method
for the aggregation of preferences which led to the first aggregation problem:
the voting paradox. Given a set of individual preferences, we compare each of
the alternatives in pairs. For each pair we determine the winner by majority
voting, and the final social ordering is obtained by a combination of all partial
results. The paradoxical result is that the pairwise majority rule can lead to
cycles.

More recently, scholars in logic, law and political science have become
interested in a different kind of aggregation problems. Instead of combining
individual preferences, the aim is to aggregate individual judgments on logi-
cally connected issues such that the social outcome also satisfies the interde-
pendencies between the same propositions.1 This area is known as judgment
aggregation. Not only judgment aggregation is characterized by a paradox
(the discursive dilemma), but it has been also shown [List and Pettit, 2002]

that the discursive dilemma is a generalization of the paradox of voting.
An escape route from the discursive dilemma is the application of a merg-

ing operator, originally introduced in artificial intelligence to combine several
finite sets of propositions [Pigozzi, 2007]. In fact, one of the major problems
that artificial intelligence needs to address is the combination of different and
potentially conflicting sources of information. Examples are multi-sensor fu-
sion, database integration and expert systems development. In this paper
we are interested in propositional logic-based information fusion, a problem
recently addressed by belief merging.2

Clearly, belief merging and judgment aggregation share a similar prob-
lem, viz. the definition of operators that produce collective knowledge and
opinion from individual bases. The discursive dilemma rests upon the fact
that, when the individual judgments on atomic propositions conform to some
logical constraints on those propositions, this does not ensure to obtain a con-
sistent (i.e. obeying the same logical constraints) collective judgment set. On
the other hand, one of the key points in the literature of belief fusion is pre-
cisely that the aggregation of consistent knowledge bases does not guarantee
a consistent collective outcome. To overcome this problem, domain-specific
restrictions (integrity constraints) are imposed on the final base. This en-

1For a comprehensive bibliography of the rapidly growing body of literature on judg-
ment aggregation, see [List, 2006].

2See [Grégoire and Konieczny, 2006] for a survey on logic-based approaches to infor-
mation fusion.
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sures that unwanted solutions are ruled out from the set of possible group
outcomes.

Given that different disciplines address the problem of the aggregation
of sets of data, an obvious question is the following: How similar are the
processes of preference aggregation, combination of propositions and judg-
ment aggregation? Some links between judgment aggregation and social
choice theory [Dietrich and List, 2006], between belief merging and social
choice theory [Konieczny and Pino-Pérez, 2005; Eckert and Mitlöhner, 2005;
Eckert and Pigozzi, 2005; Chopra et al., 2006], and between belief merging
and judgment aggregation [Pigozzi, 2005; Pigozzi, 2007] have been investi-
gated.

As mentioned, the application of the belief merging framework to judg-
ment aggregation problems makes the aggregation of individual opinions free
of paradoxical results [Pigozzi, 2007]. In this paper we move along the oppo-
site direction, showing that an algebraic framework introduced in judgment
aggregation can be used to study the types of aggregation problems that be-
lief merging addresses. More specifically, we consider model-based merging
operators [Konieczny and Pino-Pérez, 1998; Konieczny, 1999], i.e. operators
defined as assignments of a set of models to the sets of models corresponding
to the individual bases. The approaches developed so far define the merging
operators in terms of the individuals’ explicitly stated data. Instead we ar-
gue that the combination of information need to be extended to the set of
entailed sentences.

Following this idea, we introduce a new condition (called unanimity con-
sistency condition), stating that all the unanimously entailed sentences at
the individual level should be preserved at the collective level. The need for
such a condition is argued for in the next section. The model-based aggrega-
tion framework and our unanimity consistency condition in terms of models
are introduced in Section 3. In Section 4 we show that, the imposition of
such a unanimity consistency condition induces an aggregation problem sim-
ilar to the Arrovian impossibility results in the recent literature on judgment
aggregation. Finally, we conclude with some remarks and future works.

2 The unanimity consistency condition

We have seen that judgment aggregation is affected by a serious problem,
the discursive dilemma. This dilemma can emerge when the members of a
group make a judgment (in the form of yes or no or — equivalently — of 1
or 0) on several logically interconnected propositions, and the individually
logically consistent judgments need to be combined into a collective decision.
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Consider a set of propositions, where some (the ‘premises’) are taken to be
equivalent to another proposition (the ‘conclusion’). When majority voting
is applied to the premises it may give a different outcome than majority vot-
ing applied to the conclusion. This phenomenon did first draw the attention
of researchers in law [Kornhauser and Sager, 1986], who illustrated the para-
dox with the following example. Suppose that three judges have to decide
whether a defendant is liable for breaching a contract. According to the legal
doctrine, a person is liable of a certain action X (this is the proposition R)
if and only if the defendant performed the action X (P ) and had contractual
obligation not to do X (Q). Now assume that each judge makes a consistent
judgment over the propositions P , Q and R, as the following table shows:

P Q R (P ∧Q) ↔ R

Judge 1 1 1 1 1
Judge 2 1 0 0 1
Judge 3 0 1 0 1

Majority 1 1 0 1

Table 1: The discursive dilemma

Each individual consistently assigns a truth value to each proposition P ,
Q and R (saying yes to R if and only if both P and Q are believed to be
true). However, propositionwise majority voting (consisting in the separate
aggregation of the votes for each proposition P , Q and R via majority rule)
results in a majority for P and Q and yet a majority for ¬R. This is clearly
an inconsistent collective outcome, since it violates the rule (P ∧ Q) ↔ R
despite the fact that the individuals of the group unanimously expressed their
opinions in accordance to that rule. The question is then whether a collective
outcome exists in these cases, and if it does, what it is like.

Many impossibility theorems have been proved in judgment aggregation
(see [List, 2006] for an annotated and up-to-date bibliography), and the appli-
cation of belief merging methods to the aggregation of individual judgments
such that no paradox obtains has been argued for in [Pigozzi, 2007]. In this
paper we want to follow the opposite direction and show that also frame-
works and results proved in judgment aggregation can be of use and benefit
to belief merging.

We introduce a new condition, called unanimity consistency, that the
aggregation of sets of propositions (either individual judgments or individ-
ual beliefs) should satisfy. This condition will ensure that if a sentence is
unanimously entailed by the individual bases, the same sentence will be pre-
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served at the social level. We will then cast our requirement in a general
(algebraic) framework recently developed in judgment aggregation. And we
will show that the imposition of unanimity consistency condition induces an
aggregation problem similar to the Arrovian impossibility result.

It is easy to see that the imposition of our consistency condition to the
court example would rule out the paradoxical outcome obtained via proposi-
tionwise majority voting. Each individual judgment set entails (P ∧Q) ↔ R
(the individuals of the group are assumed to form and express an opin-
ion on the propositions consistently with the legal doctrine expressed by
(P ∧ Q) ↔ R). Yet the selected outcome by majority fails to satisfy the
same sentence, although (P ∧ Q) ↔ R is the only sentence in the agenda
the judges unanimously endorse and agree on, as the last column of Table 1
shows.

A particular unanimity criterion has been recently investigated in the
context of judgment aggregation by Klaus Nehring [Nehring, 2005]. Here,
a Pareto consistent aggregation rule is a rule in which a collective outcome
agrees with a unanimous conclusion of the individuals.

To illustrate our unanimity consistency condition in a belief merging con-
text, let us consider the following example of a language with three atomic
propositions p, q, r. Suppose that there are three sources of information (e.g.
three experts or three instruments), denoted by K1, K2, K3, providing some
data:

K1: {p, q, r}
K2: {p,¬q,¬r}
K3: {¬p, q,¬r}

Clearly, this example is equivalent to the court example, with the excep-
tion that there is no rule like (P ∧ Q) ↔ R that the data need to satisfy.
If we apply propositionwise majority voting to our example, we obtain the
result shown in the bottom row of the table below:

Ki p q r

K1 1 1 1
K2 1 0 0
K3 0 1 0

Maj 1 1 0

As in the court case, the outcome selected is p∧q∧¬r since these proposi-
tions are supported by a majority of the Kis. But, unlike the judges example,
here the collective outcome is not inconsistent because it does not violate an
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externally imposed rule. Yet the result is disturbing. The three sources
provide information about the propositions p, q and r. As they all report
a different combination of values for them, no problem of the preservation
of unanimity seems to arise at the atomic level, but the bases unanimously
entail, for example, the same formula p ∧ q → r. All Kis are stating that
p, q, r are in a certain relation, precisely that represented by p ∧ q → r. If
we are collecting data from some instruments, or from human experts, this
is a valuable information that we want to be preserved when the Kis are
aggregated.

So far, the belief merging approaches accounted for a respect of the una-
nimity criterion at the level of the propositions in the Kis (see, for example,
[Konieczny and Pino-Pérez, 2005; Chopra et al., 2006]). Our claim here is
that this is not enough. We are exposed to lose valuable information if the
fusion procedure does not preserve those sentences that were entailed by all
the sources of the information. Unfortunately both propositionwise majority
voting and the model-based merging procedures fail to satisfy this condition.
The merging operator defined by minimization of the sum of Hamming dis-
tances between each Ki and the possible outcomes [Konieczny, 1999] would
select the same solution as propositionwise majority voting. But {p, q,¬r}
is neither one of the Ki, nor it entails the formulas on which all the sources
agree, as p ∧ q → r. In the following of the paper we want to explore what
the consequences of the imposition of such a seemingly natural condition are.

3 Unanimity consistency from a model-based

perspective on information fusion

Our framework for the aggregation of beliefs consists of a propositional
language L, which is built up from a finite set P of propositional letters
standing for atomic propositions, and the usual connectives (¬, ∨, ∧, →,
↔). Given a finite set of individuals, each person i states her own beliefs,
judgments or preferences as a consistent finite set of propositional formulas
Ki = {α, β, ..., ω} that is identified with the conjunction α ∧ β ∧ ... ∧ ω. If
we denote by K the set of all consistent bases and by I a set of individuals,
a profile is a collection K = {K1, K2, . . . , KI} ∈ KI . Thus, an aggregation
operator is a mapping ∆ : KI → K.

An interpretation is a function P → {0, 1}. Let W = {0, 1}P denote
the set of all interpretations and denote by 2W the power set of W . For
any formula ϕ ∈ L, [ϕ] = {ω ∈ W|ω |= ϕ} denotes the set of models of ϕ,
i.e. the set of interpretations which validate ϕ in the usual truth functional
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way. Conversely, for any set of models M ⊂ W let form(M) denote the
propositional formula (up to logical equivalence) such that [form(M)] = M ,
i.e. the formula the set of models of which are precisely M .

A unanimity consistency condition can now be formulated in terms of the
sets of models corresponding to the beliefs entailed by the individual belief
bases. Denote by ↑[K] the set of all supersets of [K], i.e. the set of all the
sets of models corresponding to all the formulas entailed by K.

Definition 1 (Unanimity consistency) An aggregation rule ∆ : KI → K
is unanimity consistent if for all K ∈ KI : ∩i∈I ↑ [Ki] ⊂ ↑ [∆(K)]

This condition guarantees that any sentence that is entailed by all the
individual belief bases Ki is also entailed by the outcome of the aggregation
procedure [∆(K)].

One possible escape route to the above mentioned problem in the belief
merging framework is to use the notion of integrity constraints (IC). An
integrity constraint [Kowalski, 1978; Reiter, 1988] is a sentence that has to
be satisfied by the merged base. To see how an IC belief merging operator
works, assume that we know that p, q, r need to satisfy p ∧ q → r. The
formula p ∧ q → r becomes an integrity constraint. The belief merging
operator rules then out all the interpretations that are not models of the
IC, and we obtain the disjunction of the belief bases K1, K2, K3. Formally,
given a set of integrity constraints IC, ∆ maps K and IC into a collective
belief base ∆IC(K). Yet, the notion of integrity constraint only captures
interdependencies that are either already known, or that are assumed to
be relevant.3 Our unanimity consistency condition aims at guaranteeing a
stronger requirement than the IC, that is, whenever the individual bases
unanimously support the very same formula, this should be reflected at the
collective level. And this should happen without an external intervention as
in the IC case.

4 A problem with unanimity consistency

In the previous sections we have argued that the imposition of our unanimity
consistency condition is desirable in at least two contexts. The first is the
aggregation of individual judgments, when these are assumed to be logically
consistent, i.e. an individual does not believe A and ¬A, but also when

3This is what happens when we apply the belief merging operator to some aggregation
paradoxes, like the discursive dilemma. There, the integrity constraints play a crucial role
in avoiding irrational sets of collective judgments.
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her/his opinions on the atomic propositions eventually obey some extra log-
ical rule like in the court case. The other situation is the aggregation of
information coming from different (and equally reliable) sources. Whereas in
the aggregation of individuals’ opinions the unanimity consistency condition
can preserve from a paradoxical social outcome, in the information fusion
situation our condition would ensure that no valuable information is lost in
the aggregation process.

We will now show that however attractive and even relatively weak this
unanimity consistency condition might appear, it induces an aggregation
problem similar to the Arrovian impossibility results in the recent literature
on judgment aggregation.

Recently Nehring and Puppe [2002], Dokow and Holzman [2005] and Di-
etrich and List [2006] have developped general frameworks for the analysis
of judgment aggregation problems. In these frameworks it is possible to give
conditions which characterize impossibility domains, i.e. spaces for which
there is no aggregation rule which satisfies the suitably redefined Arrovian
conditions of universal domain, non-dictatorship, independence of irrelevant
alternatives and the Pareto condition.

Of particular relevance are domains which can be represented by the I-
fold cartesian product XI of a set of feasible binary evaluations X ⊂ {0, 1}J

of some non-empty set of issues J . The evaluations in X are said feasible.
In this framework the beliefs of any one agent i are represented by a vector
of binary evaluations xi = (xi

j)j∈J , where xi
j = 1 means that agent i believes

proposition j. (Whenever there is no danger of confusion superscripts will
be dropped in the following.)

The concept of a feasible evaluation captures the idea that, when a group
of individuals expresses its opinion on several issues J , each individual’s
judgments can be expresses as a 0-1 vector of length equal to the number
of issues. In the court example, for instance, the judges have to express a
judgment on the issues P , Q and R. Since (P ∧ Q) ↔ R, some evaluations
will be feasible ((1,1,1), (1,0,0), (0,1,0), (0,0,0)), while others are said to be
infeasible (like (1,1,0)).

Properties of these domains can now be formulated with the help of mini-
mally infeasible partial evaluations (MIPEs, see [Dokow and Holzman, 2005]),
i.e. restrictions of the set of issues J to a proper subset Y such that:

1. x = (xj)j∈Y is an unfeasible evaluation, but

2. every restriction of x to x′ = (xj)j∈Y ′⊂Y is feasible.4

4In a natural way, the cardinality of Y defines the length of every MIPE x = (xj)j∈Y .
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Broadly speaking, MIPEs establish entailment relations between the po-
sitions on two issues that are conditional on the positions on other issues, like
holding position ¬P (conditional on endorsing (P ∧Q) ↔ R) entails holding
¬R.

An aggregator now is a mapping f : XI → X which assigns to each
profile of feasible individual evaluations in its domain an equally feasible
social evaluation. As long as this domain is not restricted to a proper subset
of XI the Arrovian condition of universal domain is satisfied by definition.5

From all the Arrovian properties on aggregation rules, non-dictatorship
is probably the most intutive criterion for aggregation procedures as it just
requires that there is no individual who determines the outcome for every
possible profile.

Definition 2 The aggregator f : XI → X is non-dictatorial if there is no
individual i ∈ I such that for any profile x ∈ XI f(x) = xi.

As any aggregator f : XI → X can be decomposed in a tuple (f1, ..., fJ)
of mappings fj : XI → {0, 1} which assign to every profile the social posi-
tion on the j-th issue, conditions in the spirit of the Arrovian conditions of
independendence of irrelevant alternatives and of the Pareto property can be
formulated in the following way:

Definition 3 The aggregator f : XI → X satisfies systematicity if for any
issues k, l ∈ J and for any two profiles of evaluations x,y ∈ XI , fk(x) =
fl(y) whenever xi

k = yi
l for all i ∈ I.

Systematicity is a neutrality condition which strenghtens the usual inde-
pendence conditions by requiring that the same pattern of dependence holds
for all propositions, while independence conditions like Arrow’s independence
of irrelevant alternatives only require that the collective outcome on any one
issue should only depend on the individuals’ opinions on that issue and not
on different issues.

Finally, the unanimity condition establishes the link between the frame-
work of judgment aggregation and the issue of unanimity consistency in belief
merging.

Definition 4 The aggregator f : XI → X is unanimous if for every issue
j ∈ J and for all profiles of evaluations x ∈ XI , fj(x) = xi

j whenever xi
j = xk

j

for all i, k ∈ I.

5In social choice theory, domain restrictions (e.g. on the space of single-peaked pref-
erences) are an obvious escape route from impossibility results, but they can hardly be
justified in a framework where the domain is already defined as the space of feasible eval-
uations.
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For this class of aggregation problems Dietrich and List [2006] show that
XI is an impossibility domain if and only if the X is connected in the following
sense:

Definition 5 A domain X ⊂ {0, 1}J is minimally connected if (i) there
exists a MIPE of length at least three, and (ii) X is not an affine subspace
of {0, 1}J .

While the first part of this definition establishes the existence of condi-
tional entailment relations between positions on some issues, the algebraic
formulation of the second part exploits the fact that the set {0, 1}J can be
seen as a vector space over the trivial field {0, 1} with addition modulo 2.
An affine subspace is a subset obtained from a linear subspace (i.e. a non-
empty subset closed under addition) by the addition of a fixed vector and is
closed under the addition of triples (an algebraic framework for the theory
of aggregation was first introduced in [Fishburn and Rubinstein, 1986]).

Our induced aggregation problem can now be cast in this framework by
identifying the set J of issues with the set of all possible sets of models, i.e.
J = 2W , and setting, for every set of models Mj ∈ 2W , xi

j = 1 if and only if
Mj ∈↑ [Ki]. Thus xi

j = 1 means that [Ki] ⊂ Mj, i.e. that the proposition
form(Mj) is entailed by the belief base Ki. (In the following we will use the
shorthand notation 1Mj

for xj = 1 and 0Mj
for xj = 0.)

In this framework our unanimity consistency condition is equivalent to the
imposition of the above unanimity condition on an aggregator f : XI → X

with X ⊂ {0, 1}|2W |.
Given that a single set theoretic relation (set inclusion) determines the

dependence between the evaluations of the issues, systematicity is a natu-
ral condition in this context. It thus only remains to check that XI is an
impossibility domain to obtain the following theorem:

Theorem 6 The imposition of unanimity consistency on an aggregation rule
∆ : KI → K induces an aggregation problem on an impossibility domain.

Proof. To see that X is an impossibility domain verify that it is minimally
connected by considering that for any non-disjoint sets of models S, T ∈ 2W

the vector (0S∩T , 1S, 1T ) is a MIPE of length three and that X is not an affine
subspace. The latter can be seen from the fact that the addition modulo 2
of the triple of feasible partial evaluations (1S∩T , 1S, 1T ) + (0S∩T , 1S, 0T ) +
(0S∩T , 0S, 1T ) = (1S∩T , 0S, 0T ), which is not a feasible partial evaluation.
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5 Conclusion

The problem of the aggregation of individual information in order to define
a collective outcome is common to several disciplines (social choice, artificial
intelligence and judgment aggregation). Despite of the different types of in-
puts to combine (preferences, numerical/symbolic data, opinions), the links
between these areas have been recently investigated. It is in particular the
well established field of social choice theory that has attracted the attention
of the researchers of belief fusion and judgment aggregation. However, we
believe that the strong similarities between judgment aggregation and be-
lief fusion (they both study logic-based aggregation procedures) need to be
further explored.

After having introduced the discursive dilemma and given a simple ex-
ample of information fusion, we have claimed that the aggregation of finite
sets of propositions should satisfy a general condition. Our condition is a
new unanimity consistency requirement demanding that, if all the individual
belief bases entail some sentences, those sentences must be preserved when
the bases are merged. We maintained as well that our condition would rule
out paradoxical collective outcome in a judgment aggregation framework and
would preserve valuable information in an information fusion context.

Building on a general framework for the theory of aggregation recently
developed in judgment aggregation, we have shown that, however reasonable
and mild the unanimity consistency condition may appear, it leads to an
impossibility result.

The unanimity consistency condition requires that the collectivity should
preserve all the sentences unanimously entailed by the individuals. This
set obviously contains — among other formulas — the tautologies. Clearly,
these are not the kind of sentences we are interested in when combining
judgments or information. Nonetheless, if we take the tautologies to convey
negligible information, we can also wonder whether the entailment relation
induces a preference ordering over the entailed formulas, i.e. if it is possible
to define a ranking from the most valuable unanimously entailed sentences
(to be preserved) to the least ones (the tautologies). A question that we
plan to explore in a future research is whether a level of entailment at which
the unanimity condition should be imposed in order to avoid paradoxes of
aggregation and to escape impossibility results does exist.
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